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THE C! CLOSING LEMMA FOR
NONSINGULAR ENDOMORPHISMS EQUIVARIANT UNDER
FREE ACTIONS OF FINITE GROUPS

XIAOFENG WANG AND DUO WANG

ABSTRACT. In this paper a closing lemma for C'! nonsingular endomorphisms
equivariant under free actions of finite-groups is proved. Hence a recurrent
trajectory, as well as all of its symmetric conjugates, of a C! nonsingular
endomorphism equivariant under a free action of a finite group can be closed
up simultaneously by an arbitrarily small C'! equivariant perturbation.

1. INTRODUCTION

A closing problem in dynamical system theory concerns whether or not a re-
current trajectory I' of a dynamical system can be closed up by a nearby system.
The affirmative answer of this problem, the so-called closing lemma, has its sig-
nificance in the study of structural stability of dynamical systems. As defined by
Smale, an axiom A system satisfies (a): nonwandering set is hyperbolic and (b):
periodic points are dense in the nonwandering set. The famous structural stability
conjecture states that C? structural stable dynamical systems are of axiom A. This
conjecture has been proved both for diffeomorphisms and flows [5, 11]. In both of
the proofs the closing lemma plays an important role.

The solution of the closing problem depends on the category of the concerned
dynamical systems. Hence there are various versions of the closing lemma for
different kinds of systems. The closing lemma was first announced by Pugh for
Poisson stable points ([6]) and for nonwandering points ([7]) of C! flows with the
additional assumption that the phase space is compact. The latter result was
reproved by Liao [2] who made no assumption on the compactness of phase space.
(See also [3] and [4] for simpler proofs.) Pugh and Robinson showed that the C*
closing lemma is true in the categories of vector fields, flows, and diffeomorphisms
[8]. Wen proved a C? closing lemma for endomorphisms which have at most finitely
many singularities [9, 10].

Attention is also paid to the case that the phase space has some special structure,
for example, a symplectic structure or a volume structure etc. It is interesting to in-
vestigate systems which preserve these structures. Pugh and Robinson showed that
a C'! closing lemma holds for symplectic diffeomorphisms, volume-preserving diffeo-
morphisms, and Hamiltonian vector fields [8]. In this paper we investigate systems

Received by the editors February 21, 1997.

1991 Mathematics Subject Classification. Primary 58F10, 58F20, 58F22, 58F35.
Key words and phrases. Periodic orbit, group action.

This work is supported by NNSF of China.

©1999 American Mathematical Society

4173



4174 XIAOFENG WANG AND DUO WANG

with symmetry and show that the C! closing lemma is valid for nonsingular endo-
morphisms which commute free actions of finite groups on compact boundaryless
manifolds. Hence a recurrent trajectory as well as all of its symmetric conjugates
of an equivariant C'' nonsingular endomorphism can be closed up simultaneously
by an arbitrarily small C'' equivariant perturbation under the assumption that the
manifold is compact and boundaryless and the group action on the manifold is free.

Let M be a compact smooth Riemannian manifold without boundary. Let f
be any map from M into itself. For any positive integer n we denote by f™ the
nth iteration of f and for any subset S C M we denote by f~"(S) the preimage
of S under f™. A point p € M is called a periodic point of f if f™(p) = p for
some positive integer n. The set of all the periodic points of a map f: M — M
is denoted as Per(f). A point o € M is called a nonwandering point of f if for
any neighborhood U of ¢ and any integer N there is an integer n > N such that
fM(U)NU # @. The set of all nonwandering points of f is denoted as Q(f).

Let G be a finite group acting on M. The G-action is free if for every x € M
the isotropic subgroup

Gy ={y€G|ly -xz=x}

contains the identity only. Let G be a Lie group acting on manifolds M and N.
Then a map f: M — N is said to be G-equivariant if

f(y-z)=~-f(x), VreM and~yeQqG.

A C' map f: M — M is a nonsingular endomorphism if the tangent map T f
is injective at all x € M. We denote by NEndé(M) the set of G-equivariant C*
nonsingular endomorphisms endowed with the C' topology.

Our main result of this paper is

Theorem 1.1. Let M be a compact smooth manifold without boundary and G be
a finite group acting freely on M. Let f: M — M be a G-equivariant nonsingular
C' map and o € M be a nonwandering point of f. Then for any C' neighborhood
U of f in NEndg (M) there exists a map g € U such that o € Per(g).

In Section 2 we summarize some facts on group actions. In Section 3 we recall
some techniques used in the proof of closing lemma for endomorphisms ([9]) and
establish their equivariant versions. In Section 4 we give a proof of Theorem 1.1.

2. PRELIMINARIES ON LIE GROUP ACTIONS

In this section we recall some concepts and results about Lie group actions on
manifolds.

Let M be a smooth manifold and G a Lie group acting on M. Denote by
a: G — Diff > (M) the G-action and v -z := a(y)(x) for v € G and € M. Then
G acts on the tangent bundle TM as

(2.1) v -v = Da(y)(z) - v, vyeGveTl,Mxe M.
The following theorem can be found in [1].

Theorem 2.1. Let M a smooth manifold and G be a compact Lie group acting
on M. Then there is a Riemannian metric (-,-) on M such that G acts on M as
isometries, i.e.,

(v-v,77 Whyp = (v, w)p, Yy EGVpe MVv,weT,M. O
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Remark 2.2. Let d: M x M — R be the distance function on M which is induced
by a G-invariant Riemannian metric. Then
d(vx,vy)Zd(x,y), VVGGav%yEM'

The exponential map exp (w.r.t. a Riemannian metric) is defined on some neigh-
borhood W C TM of the 0-section such that for any tangent vector v € W,
expv = ¢,(1), where ¢,: I — M is the unique geodesic with ¢,(0) = m(v) and
e (0)=v, I =00,1] CR, n: TM — M is the bundle projection. If G acts isomet-
rically on M then the definition domain W of the exponential map is G-invariant

and exp: W — M is G-equivariant.

Lemma 2.3. Let M be a compact smooth Riemannian manifold without boundary
and G a finite group acting isometrically and freely on M. Then there is a number
¢ > 0 such that for every G-orbit A, the exponential map

(2.2) exp: {v € TuM: |v|<(} - M

is an equivariant embedding, where TaM is the restriction of the tangent bundle
TM to A.

Proof. 1t is well known that there is a number (; > 0 such that for all p € M,
exp,: {v € T,M: |v| < (1} — M is an embedding because of the compactness of
M. Define

D(z) := min{d(z,v - z)|y € G — {1}}.
For any x,y € M we have
—2d(z,y) = —d(z,y) — d(v- 2,7 y)
<d(y,y-y) —d(z,v-x)
<d(z,y) +d(y-z,y-y) =2d(z,y).
Hence
dy,v-y) = d(x,v - x) - 2d(z,y)
d(z,y-x) > d(y,y-y) - 2d(z,y)
for all v € G — {1}. Therefore
—2d(z,y) < D(y) — D(z) < 2d(z,y),

i.e., D is uniformly continuous on M.

Note that D(x) > 0 for all z € M because G is finite and the G-action is free.
By the compactness of M there is an {2 > 0 such that D(z) > (, for all z € M.
Take ¢ = min{(1,{2/2}. Then for any G-orbit A, exp maps {v € T4aM: |v| < (}
diffeomorphically onto a union of disjoint balls in M whose centers lie on A. O

D(z) —2d(z,y),
D

>
> (Z/) - Qd(I, y)

Throughout the rest of this paper we assume ( is defined so as in Lemma 2.3.

3. LIFTS, LOCAL LINEARIZATIONS AND e-KERNEL AVOIDING TRANSITIONS

In this section we review three basic techniques used in [9, 10]: lift, local lin-
earization, and e-kernel avoiding transition. We establish the equivariant versions
of the first two.

Denote by T'¢(A) the Banach space of all G-equivariant sections v: A — TM
with the norm defined by

[v| :=sup |v(x)], v e Tg(A).
z€A
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We note that |v(z)]| is in fact independent of = € A due to the symmetry.

Lemma 3.1 (equivariant e-kernel lift). For any n > 0 and any f € NEndg (M),
there is an €9 > 0 such that for any € € (0,e0), any G-orbit A, and any two G-
equivariant sections vi,ve € T'g(A) with B(ve,|v1 — val|/e) C {v € Tg(A4)||v] <
C}, there is a G-equivariant diffeomorphism h = he A v, 0,0 M — M, called a G-
equivariant e-kernel lift, such that:

(a) h(exp, v2(p)) = exp, vi(p), for allp € A;

(b) supp(h) C U,e 4 €xp, B(v2(p), [v1—v2|/€), here the support means the closure
of the set where h differs from the identity;

(c) di(hfi, f1) < n and di(h=fih, f1i) < n for any fi € NEnd&(M) with
di(f1, f) <1, where dy is the C distance defined in NEndg(M).

Proof. Let n be any positive number and f be any map in NEndlc(M ). Take an
g0 € (0,1/4) (determined later). Given any € € (0,e9), any G-orbit A, and any
sections vy, vz € I'g(A) with B(ve, |v1 —va|/e) C {v € T'¢(A)||lv] < {}. We assume
that v1 # v2 since otherwise we can take h as the identity on M. Let a: R — [0, 1]
be a C*° bump-function such that

1, if |s| <1/3;
(3.1) as) = {O, ¢ :S: > 1/
and |&/(s)| < 2 for all s € R. Define
H=H. g v,:Tc(A) =5 Ta(4), v v+ alev—uval/|lvr — va|)(v1 — v2),
and
K:Tg(A) xTg(A) - Tg(A4), (w,v) — w— a(elv — va|/|vr — va])(v1 — v2).
Note that both H and K are of C°°. For any two sections u,v € I'¢(A) we have

(3.2)
la(elu — wval/Jv1 — va|)(v1 — v2) — alelv — va|/|v1 — v2|)(v1 — v2)| < 2elu — o).

This shows that K(w,-) is a contraction uniformly in w. Therefore H is C*°
diffeomorphism and H~!(w) is the fixed point of K (w,-). For any v,w € I'c(A)
we have

[H (v) = o] <Jor —va| < Ce,
0, if Av=el < L

‘Ul—’ugl - E’

ea’ (g|lv—va|/|v1i—v2])
[v—wvs]

, otherwise,

|DH (v)w — w| = {

(v — V2, w)
< 2e|w|,
|H™ ' (v) = v| = (e[ H (v) = val /|1 — va)(v1 — v2)] < o1 — 2] < (e,

0 if ezl < L
DH '(v)w —w| =< |, vimvel e
| @) | { =« (E‘u‘_uv_zw'”l_”zl) (u — v, DH_l(v)w>‘ , otherwise,

2e
< 2|DH™! <
< 2e|DH ™ (v)w| < 75

For each vy € T4 M there is a unique section v € I'¢(A), denoted as v{, such that
vg(m(vo)) = vo. Here m: TM — M is the bundle projection. Define

E:TaM — AxTg(A), E(vo) = (m(vo),v5).

|w| < 4e|w|, where u = H™(v).
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Then E is a vector bundle isomorphism. Let U = exp{v € TaM: |v| < (}.
Then U is a G-invariant neighborhood of A. Define hc 4 vy 0,0 M — M such
that he 44,0, = identity off U and the following diagram commutes (whenever the
diagram makes sense):

idA XHE,A,’UI ;U9

(3.3) A x Fg(A) A X Fg(A)
EIJ lEl
ﬁEvAv’-’lv’Q
TaM TaM
expl lexp
he, Avq 00
M M

It is easy to see that
(1) he, A0, 0, (expv2(z)) = expur(x), for all x € A
(2) Supp(ha;,/A,m,Uz) C UmGA €XPy B(’Uz(l’), |’U1 - ’U2|/E)'
Note that H(v) = H(v*)(w(v)), v € TaM. For any v € G and any v,w € T4aM

He a01,0,(7 - 0) = He 4,000, (7 - 0))(7(7 - v))
= He Av,,0,(0) (7 7(v))
=7 He A 0, (07)(7(0))
=7 He w0 (0),
[ He, Ao 00 (0) = 0] = [He, 4,01, (07) (7(0)) = 0" (7(0)]
< la(elv” = va|/vr — v2])(v1 — v2)]|
< v —va| <&,

[DHe 01,0 (0)(w) — w| < el (o™ —wal /o1 — va])] ] < 2elu,

i.e., Hepw v, is G-equivariant and |H. 4., .0, — id|c1 < max{2,(}e. Similarly
I};}th is G-equivariant and |ﬁ;£yvhv2 —id|e1 < max{4,(}e. Since exp is
G-equivariant and D exp0 = idyps the diffeomorphism he 4 4,4, is G-equivariant
and dq (he, 4,0, 0,,1d) < Me and d1(h;}47vw2,id) < Me for some constant M > 0
which is independent of €, A,v1,vs. Hence there exists an gy > 0 such that for
any € € (0,e9), any G-orbit A, any two G-equivariant sections vi,v2 € T'g(A)
with B(va,|v1 — w|/|e) € {v € Ta(A)||v] < ¢}, and any fi € NEndg (M) with

di(f1, f) <1, we have
dl(hE;A,Uhvzﬂflafl) <7

and
dl (hE_,zl4,’L)1,v2f1h57A7'leU27fl) <. o

Let A be a G-orbit and g > 1 be an integer. A neighborhood W of A is
called a G-invariant u-dynamical neighborhood of A if W is G-invariant and each
component of | JI'_ f~"(W) is a neighborhood of a unique point ¢ € J5'_, f~"(A),
denoted as Wy(q) and called the W-component at ¢, and if f™ maps Wy(g) onto
Wy (p) whenever f"(q) =p € A, n=1,2,...,u. When f is clear we often omit
it and write W(gq) := Wy(q). For the trivial group G = 1, G-invariant dynamical
neighborhoods are exactly dynamical neighborhoods defined in [9].
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Lemma 3.2 (equivariant local linearization). Let f € NEndg (M), A be a G-orbit
and p > 1 be an integer such that f~™(A) N f~™(A) = & whenever 0 < n # m <
w+ 1. Then for any n > 0 and any N\g > 0 there is a A with 0 < A < A9 and
an f1 € NEndIG( ), called a G-equivariant and local linearization of f, with the
following properties (a)-(e).

Write W = exp{v € TaM]|[v| < A} and V = exp{v € TaM||v| < \/4}.

() di(fy. f) < and for 1 <n < p+ 1, [~"(A) = f;(A);

(b) W and V are G-invariant (u + 1)-dynamical neighborhoods both for f and
fi, and Wy (q) = Wy, (q) for each qe Uthl "(A);

() f1 = exbyg) o(Tuf) o exp;* on Vi (q) for cach g € Uty £~ (A);

(d) fitt = fl”‘l on We(q) for each ¢ € f=H"Y(A). In particular, f; =
expj(y) O(Tﬂq)f“)‘1 oexp, ' oft 1 on V(g) (Vi (q) = Vi(q) here) for each q €
Fh )

() fr=f on M —U{W(g)lg € UpLi F(A)}.

Proof. Let p be any point in A. Since f~"(A)Nf~™(A) =@ for0 <n £ m < p+1,
there exists a small (; > 0 such that U = exp{v € TaM||v| < (1} is a G-invariant
(1 4+ 1)-dynamical neighborhood for f. Given any Ao > 0. By the construction
presented in [9], there is a 0 < A < min{(1, Ao} together with a nonsingular C*
map f1: M — M such that for

W =exp{v e TaM||v] <A} and V =exp{ve TaM|p| <A/4}:

(') di(f1, f) <mand for 1 <n<p+1, f7"{p} = fi "{p}; ~
(b”) ( ) and V (p) are (u+ 1)-dynamical neighborhoods both for f and f7, and
Wi(q) = Wy, (q) for each ¢ € U”Jrl “{pk;
') fr = expy o(Tyf) oexp, ' on Vj (q) for each g € Uj_, f~"{p}; )

(d) 1”“ = frt1 on Wy(q) for each ¢ € f~#~'{p}. In particular, f; =
eXP (g o(Tyq f*)~" o expytoftt on V(g) (V7,(a) = Vi(q) here) for each q €
ek )

(') fi=fon M —U{Wl(g)lg € UpLy f{p}}.

Define

_ - AGt e, on UWr@lg € My b 1< <p+1},7 € G
fi(z) = :
f(z), otherwise.

Then f; gives the desired equivariant local linearization. O

As defined in [9], a complete tree is a pair T = (Q, f) such that:

1. @ is a union of an infinite sequence of disjoint nonempty finite sets Qg, @1, . . .,
Qn, ..., where Qg consists of a single point gg;

2. f:Q—{q} — Q maps Q, onto Q,_1.
A branch of a complete tree T = (Q, f) is an infinite sequence {¢,}22, in @ such
that g, € Qn and f(¢nt1) = g» for all n > 0. If we associate with each ¢ € @
an m-dimensional inner product space V; and a linear isomorphism 73, : V, — V,,
where Ty, is the identity on V,,, then we call (7,{Ty|q¢ € Q}) a complete tree of
isomorphisms.

Lemma 3.3 (e-kernel avoiding transition, [9]). Given any complete tree of isomor-
phisms (T,{T4lq € Q}) and any € > 0. There is a number p > 2 and an integer
> 1 such that: for any finite ordered set P = {po,p1,...,pt} in Vg, there is a
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point y € PN B(pt, plpo — pt|) such that for any branch ¥ = {qo,q1,---,qn,.--} of
T, there is a point w € PN B(pt, plpo — pt|), where w is before y in the order of P,
together with p+ 1 points cg, c1,. .., ¢, i B(pe, plpo — i), not necessarily distinct,
satisfying the following two conditions (a) and (b).

(a) co =w,c, =y; and

(b) [T en) — T (enan)| < 2d(T (ensn). T (A)) form= 0,1, p— 1,
where A = P(w,y) UdB(py, plpo — pt|), P(w,y) = {p € Plp is after w and before
y}, and d is the distance on V. d

4. PROOF OF THE MAIN THEOREM

In this section we first prove the following “weak form” of closing lemma and then
prove the implication: “weak form” (Theorem 4.1)=“strong form” (Theorem 1.1).

Theorem 4.1. Let M be a compact smooth manifold without boundary and G a
finite group acting freely on M. Let f: M — M be a G-equivariant nonsingular C*
map and 0 € M a nonwandering point of f. Then for any C' neighborhood U of f
mn NEndé(M) and any neighborhood U of o in M, there exists a map g € U and a
point p € U such that p € Per(g).

Proof. Let U be any C' neighborhood of f in NEndé(M) and U be any neighbor-
hood of o in M. Take an 5 € (0,1) such that ¢ contains the 7-ball in NEndg, (M)
centered at f. By Lemma 3.1, there is an € > 0 such that

di(hfi, f1) <n/2

for any f; € NEndg (M) with d;(f1, f) < 1 and any G-equivariant e-kernel lift h.

Denote by A = G(o) the group orbit passing o. If f™(x) € A and f™(z) € A for
some x € M and some integers m and n with m > n > 0, then there exist 71,72 € G
such that f™(z) = v1 - o and f™(z) = 72 - f™(x). Let k be the order of v5. Then
k < oo since G is finite. Hence fF(m=")(g) = vyt fEm=—m)4n(g) = 47t f7(2) = 0.
This shows that o is a periodic point of f and the theorem is valid by taking g = f
and p = o. Therefore we suppose in the following context that for all integers
m,n > 0:

fT™A)N f7™(A) # @ if and only if m = n.

Take Q, = f~™{o}, V, = T,M, and T, = T,f" for all ¢ € @, and n > 0.
Then 7 = (Q, f) is a complete tree, where Q = Orb; (o), and (7,{Ty|q € Q})
is a complete tree of isomorphisms. For (7,{T,|¢ € @}) and € > 0 there exists a
number p > 2 and an integer pu > 1 with the property described in Lemma 3.3.

Take a A such that 0 < Ao < ¢ and exp{v € TaM|[v] < Ao} C U,cgU. For
fy A, u,m, and Ag, by Lemma 3.2, there is a A with 0 < A < Ag together with a
G-equivariant local linearization f; € NEndg (M) such that di(f1, f) < n/2. Let
W =exp{v € TaM||v] < A} and V = exp{v € T4 M]||v| < A\/4}. Hence W(o) C U.
For each x € A we introduce a new distance function d, on W(z):

dy(p.q) = |exp; ' p — exp; ' q.

Since ¢ is a nonwandering point for f there is a point p and an integer ¥ > 1
such that

B(f¥(p), pdly(p, ¥ (p)); d,) C V(o).
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We may suppose that p & Per(f), otherwise we may take g = f. Denote

(4.1)
P:={z € V]x= fF(y-p), for some v € G and some integer k with 1 < k < ¢},

(4.2) P:=PnV(o).

If there is some integer k > 0 and some 71,72 € G such that f¥(y; - p) € P and
f¥(y2-p) € P, then we have v; 'V ()N, 'V (o) # @ and hence 4, = 2. Therefore
we can introduce an order < on P:

(4.3) ¥ (y1-p) < fR2 (72 - p) if and only if ki < ko,

where f*1(v; -p), f*2(v2-p) € P. Rewrite P as {po,...,p:}, where pg < p; < --- <
p¢. Obviously, po = p and p; = f¥(p). Denote P’ = exp,! P and p, = exp, ! p;.
Then B(p}, plpy — pi|) C exp; ' V(o).

By Lemma 3.3 there exists a point y' € P’ N B(p}, plp; — pi|) such that: for
any branch ¥ = {q = o0,q1,-.-,qn,...} of Orb;(a) there exists a w'(X) €
P’ 0 B(p}, plpy — pil), which is before 3 in the order of P’, and p + 1 points
(Z), (S, (S) € B}, plph — pil) such that

(a) ct(X) = w'(X), ¢,(¥) =5 and

(b)

(g f7) e (2) = Ty f™) ™ cpyr ()]
< ed((Ty, ™)1 (2)), (Ta, f)7H(A))
forn=0,1,...,u— 1, where A = P'(w'(X),y’) U9dB(p}, p|lpl, — pi|)-

Let w(X) = exp, w'(X), y = exp,y’. Then w(X), y € P and there exists an
integer ¢(X) > 1 and a y(X) € G such that

(4.4) FPP () w(®) =y.
By the above construction we have ¢(X) > p+ 1. Let 2(X) = feE-171(y(%).
w(X)). Then fAH1(2(%)) = y.

Suppose y = f4 (v - p) and w(X) = f2)(y5() - p). Then t; > to(X) and by
(4.4) we have

(4.5) Y(E)a(E) - fEEOTEE () = 41 f1 (p).
Then from (4.5) we have 71 = v(X)72(X) and t; = ¢(X) + t2(X) and hence

2(8) = [T (3(D) - [P (8) - p) = [ (0 - p).
Note that both ¢; and 7; are determined by y and hence independent of . There-
fore z(X) is actually independent of the choice of the branch ¥. We denote it simply
by z. Then there is a unique 0,41 € f*71{o} such that z € V(o,41).

Let A be any branch of Orb (o) which contains 6,41, A = {00,01,...,0n,...}.
Take w' = w'(A), ¢, = ¢(A) for i = 0,1,...,pu, and ¢ = ¢(A), v = v(A). Then
éd>p+1, fo(y-w) =y, where w = exp, w' € U.

For n=0,1,...,u — 1, define sections vy, u, € I'¢(G(0y,)):

(4.6) un(v-on) =y (Lo, f") ), vEG

(4.7) un(y-on) =7 (Lo, f) 7 chpn)  71€G.
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Then
[Un, — up| = |(anfn)_1(ciz) - (anfn)_l(ciz-rlﬂ
<ed((Ty, )™M (gr), (To, 1) ~HA)),

where 0 < n < p and A = P (w',y') UIB(p,plpy — vil). Let hp: M — M
be the G-equivariant e-kernel lift corresponding to G(oy,), €, vy, and wu, such that
hn(expuy,) = exp v, and define g: M — M as

g:{hnofla on U»YGGW(’Y'Un-l-l)a OSTL<M;

(4.8)
f1, on the rest of M.

Then g € NEndg,(M) and g € U since di(g, f) < di(g, f1) +di(f1, f) < n.

It is easy to see that the lifts give g#T1(2) = w. By the construction of lineariza-
tion we also have fld’_”_l(w) = fe=#=1(w) = y71.2. The fi-orbit from w to y~! 2z
never touches the supports of these lifts. Hence g+~ (w) = f& " Hw) =412,

and then
w="-g%w) = g"(w)
where k is the order of . Therefore w is a periodic point of g in U. O

Proof of the Implication “Theorem 4.1=>Theorem 1.1". Let U be any C! neighbor-
hood of f in NEndg(M). Take an i € (0,1) such that U contains the 7-ball in
NEndg (M) centered at f. Let A = G(0) and vy = 0 € I'¢(A). By Lemma 3.1 there
exists an € > 0 such that for any v; € T'¢(A) with |v1| < e there is a G-equivariant
diffeomorphism h¢ A4, 0, : M — M such that:

(a) he,4,01,0,(q) = exp,, v1(q), for all ¢ € A;

(b) supp(he,4,0,,0:) € Uyea €xpy B(0, [v1]/€), here the support means the closure
of the set where hc 4 v, 0, differs from identity;

(¢) di(he, Avy ws f1, f1) <n/2 and dy (h;}4,v17v2f1h57147v17v27 f1) <n/2for any f1 €
NEndg (M) with dy(f1, f) < 1.

Denote V' = exp{v € TsM]|lv| < e¢}. By Theorem 4.1 there is an f; €
NEndg (M) and a point p € V Nexp{v € T, M||v| < ¢} such that d;(f1, f) < n/2
and p € Per(f1). Define v; € T'g(A): v1(y0) = v-exp,p,v € G. And define

(4.9) g: M — M, g(x)= h;}47’u1)y2 © f10he A v, (2).
Then g € NEndg, (M) and satisfies dy (g, f) <7 and o € Per(g). O
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